We study the orientational properties of labeled segments in semiflexible dendrimers making use of the viscoelastic approach of Dolgushev and Blumen [J. Chem. Phys. 131, 044905 (2009)]. We focus on the segmental orientational autocorrelation functions (ACFs), which are fundamental for the frequency-dependent spin-lattice relaxation times T 1 (ω). We show that semiflexibility leads to an increase of the contribution of large-scale motions to the ACF. This fact influences the position of the maxima of the [1/T 1 ]-functions. Thus, going from outer to inner segments, the maxima shift to lower frequencies. Remarkably, this feature is not obtained in the classical bead-spring model of flexible dendrimers, although many experiments on dendrimers manifest such a behavior. © 2014 AIP Publishing LLC. [http://dx
I. INTRODUCTION
Dendrimers are perfect tree-like macromolecules with regular branching. 1 Recent research focuses on using the dendrimers' interiors for various applications such as drug, dye, and metal nanoparticle delivery, or as reactors for the synthesis of nanoparticles. 2 For these purposes the detailed study of the dynamical properties of the segments in a dendrimer is very important.
Nuclear magnetic resonance (NMR) spectroscopy is a very effective method for studying the local dynamics. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] Recent works 11, 12 have demonstrated that one can address via NMR different shells of Frechet-type dendrimers and thus monitor their segment mobilities separately. In particular, one can differentiate between the inner and the terminal segments. 3, 5, 9, 10 Recent theoretical 13, 14 and simulation 15, 16 works on dendrimers have established that for the orientational relaxation of labeled segments three characteristic time-scales appear: (i) the time τ r in which the dendrimer rotates as a whole, (ii) the maximal relaxation time τ br of the branch which originates from the labeled segment, and (iii) the average time τ av of the local orientational mobility. These processes depend on different dendrimer parameters. Thus τ r depends only on the number of generations G of the dendrimer, i.e., on its size, τ br is determined by the size of the branch originating from the labeled segment, and τ av is independent of G (and of the particular location of the labeled segment). Now, the local orientational mobility reveals itself in the spin-lattice relaxation rate, [1/T 1 ](ω), which is usually observed in NMR experiments. In the theory of flexible dendrimers 13, 14, [17] [18] [19] [20] [21] [22] is the same for all the segments of the dendrimer; this is due to fact that this position is determined by τ av alone. 16 However, recent experiments on different dendrimers reveal significant differences between the positions of the [1/T 1 ](ω) maxima for the terminal and for the inner segments. 5, 9, 11 As we proceed to show, including semiflexibility into the model leads to the correct qualitative behavior for the [1/T 1 ](ω)-function.
In this work semiflexibility is modeled using the formalism of Refs. 23-33 which takes into account orientational constraints between the bonds of the dendrimer. We recall that the formalism presented in Refs. 27-33 follows from the studies of semiflexible chains, Refs. 23 and 24, and stars, Refs. 25 and 26; it is quite general and allows one to model semiflexible polymers with arbitrary tree-like architectures. A separate, recent work 34 has studied the orientational relaxation of semiflexible dendrimers in the presence of hydrodynamic interactions. However, Ref. 34 has focused on the averaged NMR signal from all segments, which precluded seeing effects (such as the shifts of the NMR maxima) that depend on the position of particular segments in the dendrimer. This paper is structured as follows: In Sec. II we briefly recall the model of Refs. 27 and 28 as well as the NMR relaxation functions. Section III is devoted to our results and their discussion. The article ends in Sec. IV with conclusions and an outlook, whereas details of the relation between the segmental ACF and the NMR relaxation functions are relegated to the Appendix. polymers, whose construction may start from a star with f arms (generation G = 1). In the next step one attaches to the end of each arm (f − 1) new ones, obtaining an object at generation G = 2, and then iterates the process. In this way the functionality of every (internal) branching point is always f. A dendrimer of functionality f = 3 and generation G = 3 is schematically displayed in Fig 1. In the following we focus on dendrimers of functionality f = 3.
The structure of a dendrimer can be represented by beads {r i } connected by oriented springs (segments) d a ≡ r i − r j . Being interested in modeling semiflexible behavior, we consider the orientations of distinct segments to be correlated, e.g., for d a and d b connected through a unique path of k beads one has
where s is the number of head-to-tail connections in the path, l 2 is the mean-square length of each segment, and q is the semiflexibility parameter which varies from 0 to 1/(f − 1) (here from 0 to 1/2), see Ref. 27 for details. The constraints of Eq. (1) are the main ingredient in modeling semiflexible dendrimers, whose potential energy is then given by 27, 28
where K = 3k B T/l 2 denotes the spring constant and the matrix W = {W ab } is determined through the constraints of Eq. (1),
Now, it turns out that the matrix W is very sparse, given that all its elements involving nonadjacent bonds vanish. 27, 28, 32 Furthermore, the off-diagonal elements of W related to adjacent segments equal ±q/(−1 + q + 2q 2 ), where the plus sign stands for segments oriented head-to-tail and the minus sign stands for the other orientations. The diagonal elements of W due to non-peripheral segments equal (−1 + q − 2q
2 )/(−1 + q + 2q
2 ) and those due to peripheral ones equal (
2 ), see, e.g., Ref. 27 . Now, the dynamics of dendrimers is described through a set of Langevin equations (LE) for the beads' positions. The transformation from bond to position variables can be formulated as
Here the elements of G = (G ia ) corresponding to the segment a are G ja = −1 and G ia = 1 when the oriented segment a goes from bead i to bead j, and are zero otherwise. With Eq. (4) the LE, say for the y-component, take the form
Here the monomer relaxation time τ 0 is the quotient between the friction coefficient ζ and the spring constant K, τ 0 = ζ /K, and the matrix
where the matrices G and W are as in Eqs. (3) and (4) . Furthermore, the stochastic forces f i (t) obey, according to the fluctuation-dissipation theorem, the relations ⟨f i (t)⟩ = 0 and
, where we denote the vanishing eigenvalue by λ 1 , i.e., we set λ 1 = 0. In this way the matrix Q = (Q ij ) represents the transformation from the beads' positions {r i } to the normal modes {u i } = {u xi , u yi , u zi },
so that, based on Eq. (5), one has 22, 35 
We remark that the eigenvalues {λ i } and their related eigenvectors (which can be read off from the orthogonal matrix Q) are fundamental in describing many dynamical processes. 22, 32, 35 Here we demonstrate this by focusing in the following on NMR relaxation functions.
B. NMR relaxation functions
We start our considerations from the single segment time autocorrelation function (ACF)
Its real valued Fourier transform (called spectral density J(ω) in the NMR field) is given by
Now, J(ω) is related to the inverse of the spin-lattice NMR relaxation times T 1H and T 1C of the 1 H and the 13 C nuclei
and 1
In Eqs. (10) and (11) ω H and ω C are the angular resonance frequencies of the 1 H and 13 C nuclei, and the A 0 (H) and
, which are independent of temperature and of frequency. Moreover, the angular resonance frequencies obey ω C /ω H = γ C /γ H ≈ 0.25, where γ H and γ C are the corresponding gyromagnetic ratios. For practical reasons one often uses the reduced dimensionless variables
and
Now, as has been shown in Ref. 38 the function P a 2 (t) can be expressed in terms of
Based on extensive calculations, Perico and Guenza 38 showed that the following relation holds:
where x is
Equation (15) is exact for Gaussian distributed segments {d a }. As is evident from Eqs. (15) and (16), the relation between P a 2 (t) and M a 1 (t) is quite complex. However, as we discuss in the Appendix, the often-used approximation
performs very well for semiflexible dendrimers. This approximation is then very useful in analyzing the NMR-functions in depth, as we proceed to show explicitly in Sec. III B.
III. RESULTS AND DISCUSSION
A. The M a
functions
We start with the calculation of M a 1 (t), whose structure follows readily by inserting Eqs. (4) and (6) into Eq. (14) and using Eq. (7). The result is Now, we recall that both for flexible and for semiflexible dendrimers many of the eigenvalues {λ j } are highly degenerate. 17, 20, 21, 33 In fact, for a dendrimer of generation G, regardless whether it is flexible or semiflexible, 33 there are only 17, 20, 21, 33 so that Eq. (18) can be rewritten as
where k runs over the distinct eigenvalues. In Eq. (19) we set τ k ≡ τ 0 /λ k and C a k stands for
where D k denotes the degeneracy of λ k . Here we evaluate, based on Eq. (19), M a 1 (t) for segments a from different dendrimer shells; we indicate their position by g (g = 1, 2, . . . ), where the shell g = 1 contains the segments directly connected with the core. The evaluation is performed for dendrimers of different sizes, going from G = 3 to G = 7. As semiflexibility parameter we take q = 0.45.
In Fig. 2 we display M a 1 (t) for semiflexible dendrimers for various G and g. An important feature which emerges from Fig. 2 is the fact that most of the M a 1 (t) curves for different (G, g) pairs, but with a fixed m = G − g value, follow a master curve closely. The (G, g) pairs shown in Fig. 2 are (7, 7) , (5, 5) , (3, 3) for m = 0; (7, 6), (5, 4) , (3, 2) for m = 1; (7, 5), (5, 3) for m = 2; (7, 4), (5, 2) for m = 3. In fact, the only exception to this empirical finding are the curves for g = 1, a feature which we display in Fig. 3 . A similar situation was found earlier in the study of flexible dendrimers. [14] [15] [16] The interpretation of these findings is that in general the mobility of a particular segment a depends mostly on the number of generations of the branch which originates from the labeled segment, namely, on m = (G − g). In other words, J. Chem. Phys. M a 1 (t) is mainly determined by the topological distance of the segment a from the dendrimer's periphery, as we will show in the following by analyzing the C a k of Eq. (20) . Now, as shown in Fig. 3 , the case g = 1 is particular since for the same m = (G − g) the curves with g = 1 lie under those for g > 1.
This difference between M a 1 (t) in the g = 1 and the g > 1 cases is here, for semiflexible dendrimers, quite pronounced, see Fig. 3 . On the other hand this difference also exists but is much less pronounced in flexible dendrimers. 14 We note that segments with g = 1 correspond to the longest possible branches of the dendrimers and, as we show in the following, render the case g = 1 special.
In Fig. 4 we compare the relaxation behavior of M In Fig. 5 we plot the coefficients C a k as a function of the corresponding τ k . Such a display is very reasonable for dendrimers, since for them many eigenvalues λ k stay unchanged when going from dendrimers of one generation G to the next. In part (a) of For a more detailed discussion of Fig. 5 , we start with the flexible case (a). Now, flexible dendrimers in the generalized Gaussian structures (GGSs) framework, 17, [20] [21] [22] have two kinds of eigenvalues, related to normal modes of spatially periodic and of spatially exponential kind, respectively. 21 Spatially periodic modes represent local internal motions. The times τ k related to them are small and they are distributed around a characteristic time τ av , which is approximately given by τ av ≈ 0.3τ 0 , 14 see Fig. 5(a) . Spatially exponential modes, on the other hand, are related to large-scale motions, in which the dendrimer's branches are moving as a whole. To such modes correspond large τ k relaxation times, with τ k ≥ τ 0 . As was shown earlier for flexible dendrimers, 14 for segment a lying in the gth shell the maximum of C a k occurs at a time related to the relaxation of the branch which originates from a. For a segment from the gth shell we denote this time by τ g G , see Fig. 5(a) . We note that τ (14) and (19) , the role of the other relaxation times is rather unimportant. This is in line with our understanding that for stiff macromolecules large-scale motions dominate. Given that with decreasing g the τ g G increase, renders clear the ordering of the M a 1 (t) curves in Figs. 2-4 . We note further that increasing q shifts the internal relaxation modes towards shorter and the global relaxation modes towards longer times, as also established in previous works. 27, 33 Hence the times τ g G become larger with growing stiffness parameter q. Exemplarily, for a dendrimer of generation G the time τ is significant, see Fig. 5(b) . The exception is the case g = 1 (i.e., the core segments), where such a term is lacking. This, together with the normalization k C a k = 1, renders understandable the fact that C a k for g = 1 is close to 0.9, whereas for the other g > 1 the value of C a k is about 0.7. This leads to the difference between M a 1 (t) for g = 1 and M a 1 (t) for the other g, see Fig. 3 . Moreover, given that with growing stiffness the longer relaxation times play a more important role, this difference increases with increasing q.
Summarizing the results of this subsection, we conclude that accounting for semiflexibility in dendrimers: (i) leads for M 1 to an increase of the role of the large relaxation times, which are related to the large-scale motions, so that for stiffer dendrimers the M 1 -functions decay more slowly; (ii) with growing stiffness for a segment from the gth shell the relaxation time τ g G becomes most significant; this is particularly true for the core segments (g = 1). In Sec. III B we will consider the role of semiflexibility in NMR relaxation.
B. NMR spin-lattice relaxation
Information about the local orientational mobility of a dendrimer can be obtained from the NMR relaxation functions, Eqs. (12) and (13) . For our calculations we use here the approximation P a
3 , see the Appendix, based on which we calculate the spectral density J(ω) of Eq. (9). This approximation allows us to use the expression, Eq. (19), which is a sum of exponential functions. In this way
where τ l and C a l are lth relaxation time and its coefficient; furthermore N (G) = (ℵ + 2)(ℵ + 1)ℵ/6 is the number of distinct τ l , where ℵ is the same as in Eq. (19) . Within this approximation the spectral density J(ω) takes the form
As we proceed to show, the structure of Eq. (22) allows us to follow the contribution of each relaxation time τ l separately. This advantage comes from using the approximate, Eq. (17), and is lost when using the functional form, Eq. (15). In Fig. 6 we plot the single segment [1/T 1H ](ω H ) function calculated based on Eqs. (10), (12) and (22) 16 the position of the maximum corresponds to τ av and is, therefore, independent of g, see Fig. 6(a) .
For semiflexible dendrimers the picture changes considerably, see process spectral density given by the relaxation time τ ′ ,
The 
where n g = 3 * 2 (g − 1) is the number of segments in the gth shell. In Fig. 9(a) the terminal segments are different, as was also observed experimentally. 5, 9 This is due to the fact that the maximum for the terminal groups corresponds to the minimal τ Fig. 9(b) , where G goes from 2 to 5. This has also been observed experimentally. 10 The effect can be explained using Fig. 7 . In the case of G = 2 the position of the maximum is determined by τ contribute. However, the effect displayed in Fig. 9(b) is only significant for rather small dendrimers: For dendrimers larger than G = 5 increasing the generation adds a new signal to several existing ones and does not change the picture much. Finally, in Fig. 10 we plot for dendrimers of generations G = 2 to 5 the [1/T 1C ](ω C )-function for labeled segments from different shells. As readily seen, the NMR relaxation of the 13 C nuclei follows qualitatively the behavior of the 1 H nuclei, as displayed in Fig. 6(b) .
Summarizing, semiflexibility is reflected very markedly in the NMR functions. In contrast to flexible dendrimers, for semiflexible dendrimers the maximum of the NMR [1/T 1 ](ω)-function is located at different frequencies, depending on the position of the labeled segment. For segments which are closer to the dendrimer's core the NMR [1/T 1 ](ω)-function has its maximum at lower frequencies. This has been observed for Frechet-type dendrimers, for which the signals from the inner segments and from the peripheral ones differ. 11 In agreement with the theoretical results, bigger dendrimers also show for the inner segments broader curves, which are shifted towards lower frequencies compared to the curves due to the peripheral segments.
IV. CONCLUSIONS
In this paper we studied the orientational properties of single segments in semiflexible dendrimers using the Gaussian model of Ref. 28 . The analysis of the M a 1 (t) relaxation allowed us to establish that semiflexibility leads to an increase of the contribution of the larger relaxation times, which are related to large-scale motions (spatially exponential modes). Therefore, the M a 1 (t)-functions decay more slowly with growing stiffness. Moreover, in the case of quite stiff dendrimers, for a segment from the gth shell (the shells are numbered from the core to the periphery of the dendrimer) only one particular decay form related to a specific relaxation time τ g G dominates. Given that for these relaxation times one has τ G G < · · · < τ 1 G , the NMR relaxation functions of segments from different shells have their maxima at different frequencies. This is in contrast to the results for flexible dendrimers, 16 in which the maxima depend also on relaxation times related to small-scale, internal modes. As we have shown here, our results for semiflexible dendrimers are in line with the existing experimental data.
5, 9-11 Here we remark, however, that due to our interest in closed-form analytic expressions we limit ourselves to a mostly qualitative analysis. For a quantitative comparison with the experiment, the inclusion of excluded volume effects as well as of the hydrodynamic interactions is fundamental. For the latter, the use of the reduced description of Refs. 25 and 26 will be of much help, especially in the case of large dendrimers. Thus, the role of semiflexibility can turn out to be very important in understanding the results of NMR relaxation studies. We envisage that the location of the maxima of the NMR functions might shed light on basic material properties, such as the stiffness of such complex macromolecules, a topic worth of further studies. 
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APPENDIX: APPROXIMATIONS OF P 2 (t)
As it was shown in Ref. 38 , for Gaussian models the P 2 (t) function can be calculated from M 1 (t), see Eq. (15) . However, this complex function does not allow us to carry out a semianalytical transparent evaluation of P 2 (t), in which we can monitor directly the contributions of different relaxation rates to P 2 (t). A more convenient approach to this problem is based on two possible, simple approximations to P 2 (t) suggested by Ref. 38 
Equation (A1) gives a good fit to P 2 (t) at long times and is often used for studying the orientational mobility of macromolecules in the melt. 39 On the other hand, Eq. (A2) approximates P 2 (t) very well in the short time region. 38 This fact was also confirmed through computer simulations in the case of flexible dendrimers. 40 To illustrate the approximations of Eqs. (A1) and (A2) we plot in Fig. 11(a) 3 (blue dotted lines) for the shells g = 1, 3, and 5 of a dendrimer of generation G = 5. As can be inferred from Fig. 11(a) , Eq. (A2) approximates P 2 (t) better than Eq. (A1) in the temporal range shown in the figure.
In Fig. 11(b) , on the other hand, we display [1/T 1H ](ω H )-function, Eq. (12), calculated according to the exact P 2 (t), Eq. (15), and based on the approximations (A1) and (A2). Using the exact P 2 (t) we performed the necessary Fourier transform with Scilab package. In analyzing Fig. 11(b) we focus on the position of the maximum of the [1/T 1H ](ω H ) functions, which is very important NMR-studies. Here we find that the positions of the maxima of the exact functions are well reproduced both by the approximations based on Eqs. (A1) and (A2). In the analysis of the paper we then choose to use Eq. (A2), since it performs well both in the time and in the frequency domain. This choice is also the standard one used in previous works on flexible dendrimers.
